MTHS849 QUALIFYING EXAM - AUGUST 2021

1. INSTRUCTIONS

There are five problems on this exam. Complete as many problems as possible. Your four highest
scoring answers will be used to determine your grade on the exam. A preference in scoring will
be given to complete answers to entire problems, in contrast to partial answers to possibly more
problems. You have also been given a pdf document containing various theorems and definitions
for your use on this exam.

2. THE EXAM QUESTIONS

Problem 1. Assume that  C R" is open, connected, and has a C' boundary. Further assume
that I' C 99, and |T'| > 0. Define the subspace, V, as

V={veHYQ) : Tu|r =0},

where T : H'(Q2) — L?(09) is the trace operator.

(i) Prove that there exists and constant, C, depending on €2 and n, so that

VovelV, /dexSC/]Vde:c.
Q Q

(ii) Identify in which part of your proof you have used the assumption that € is connected.
(iii) Identify in which part of your proof you have used the assumption that € has a C! boundary.

Problem 2. The following is a mixed Nuemann-Dirichlet boundary value problem. Assume that
Q) C R" is open, bounded, connected, and whose boundary is C'. Assume that there are two
subsets, I'1 C 9Q and I'y C 99 so that Iy NTy =0, 9Q = I'1 UTy, and that [T1] > 0, [T2| > 0. The
equation is

—Au=f inQ
u=0 on Iy C 60 (1)
%:g on I'y C 09Q.

Define the subspace of H!, V, as

V={ve HY(Q) : Tvlp, = 0}.

(i) Assume u € C?(2) N C(Q), that u is a classical solution of (1), and that v € C1(Q) NV,

prove that
/Vu-Vvdm:/fvdx+/ guds.
Q Q 1)
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(ii) Prove that there exists a unique function, u € V, that satisfies as a weak definition of solution
to (1), the following requirement

VovelV, /Vu-Vvdxz/fvdm—k/ gTvdS. (2)
Q Q Iz

You may use Problem 1, if you would like.

Problem 3. Prove that if  C R” is open and bounded, b € CY(£; R"), and v € C%(Q) N C(Q) is
a classical solution of

—Au+b(z)-Vu <0 in Q,
then

maxu < maxu.
Q E)

Problem 4. Assume that  C R” is open, bounded, connected, and has a C' boundary. The
following is the Neumann problem:

{—Au =f inQ 3)

%:g on 0f).

(i) Define V to be the subspace of H' as
V={ve H(Q) : / vdx = 0}. (4)
Q

Prove that for all f € L?(2) and all g € L?(9Q), there exists a unique v € V that satisfies the
following equation:

YwelV, /Vv-dex = / fwd:v+/ gTwdS, (5)
Q Q o0

where T : H'(Q) — L?(0) is the trace operator.
(ii) The actual definition of weak solution that is compatible with classical solutions of (3) is that
u €V, and

Vwe HY(Q), /Q Vu - Vwdr = /Q fwdz + /8 . gTwdS, (6)

where T : H'(Q) — L?(09) is the trace operator.
(a) Identify a restriction on f € L?(Q) and g € L?(9€) so that given any f and g that satisfy
your restriction, there exists a unique u € V that solves (6).
(b) Furthermore, prove that given such an f and g, there does indeed exists a unique u € V
that solves (6).
If you do not complete part (ii), you will not be given credit for this problem.

Problem 5. Assume each of the following equations admits at least one weak solution— defined
in the appropriate sense given below— and call it ug. For each equation, say whether or not the
solution is unique. If the solution is unique, then prove why. If the solution is not unique, then
give an example.

Assume that Q C R” is a bounded, open, connected set, with a C'' boundary, and that I' C 99

and |T'[5q > 0.
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—Au=f inQ
u=0 on 0f).

Here, a weak solution u € HJ () satisfies

Vv e HH ), /Vu-Vvd:L‘—/fvdx.
Q Q

{—Au_f in 0

gu =1 on ' C 9.

Here, a weak solution u € H'(Q) satisfies

Vv e HY(Q), /Vu-Vvda::/fvdx—l—/TvdS.
Q Q T

(iii) for ¢o >0,

—Au+cu=f inQ
gu =1 on T C 99

Here, a weak solution u € H' () satisfies

Ve HY(Q), /Vu-Vvdq:Jr/couvd:E:/fvder/TvdS.
Q Q Q r

{Au:f in Q2

no boundary condition given

Here, we say a weak u € H'(Q) satisfies

Ve H(Q), /QVU -Voudzr = /vadx.
(The boundary conditions can be ignored because for the test functions, Tv = 0.)
(v) for ¢y > 0,
{—Au—l—cou:f in Q

no boundary condition given

Here, we say a weak u € H'(Q) satisfies
Vv e Hi ), / Vu - Vudx + / couvdxr = / fudzx.
Q Q Q
(The boundary conditions can be ignored because for the test functions, Tv = 0.)

As a hint to all parts, one may consider the equation solved in the weak sense by the difference
of any two possible solutions.
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